In particular we shall insist that our Dehn surgeries preserve the integral (or rational) homology groups. Specifically, if M 0 and M 1 have isomorphic integral (respectively rational) homology groups, is there a sequence of Dehn surgeries, each of which preserves integral (respectively rational) homology, that transforms M 0 to M 1 ? What is the situation if we further restrict the Dehn surgeries to preserve more of the fundamental group? Is there a difference if we require "integral" surgeries? We also show that these Dehn surgery relations are strongly connected to the following questions concerning another point of view towards understanding 3-manifolds. Is there a Heegard splitting of M 0 , M 0 = H 1 ∪ f H 2
It was shown by W.B.R. Lickorish [Li] and A. Wallace [Wa] that any closed oriented connected 3-manifold can be obtained from any other such manifold by a finite sequence of Dehn surgeries. Thus under this equivalence relation all closed oriented 3-manifolds are equivalent. We shall investigate this same question for more restricted classes of surgeries.
In particular we shall insist that our Dehn surgeries preserve the integral (or rational) homology groups. Specifically, if M 0 and M 1 have isomorphic integral (respectively rational) homology groups, is there a sequence of Dehn surgeries, each of which preserves integral (respectively rational) homology, that transforms M 0 to M 1 ? What is the situation if we further restrict the Dehn surgeries to preserve more of the fundamental group? Is there a difference if we require "integral" surgeries? We also show that these Dehn surgery relations are strongly connected to the following questions concerning another point of view towards understanding 3-manifolds. Is there a Heegard splitting of M 0 , M 0 = H 1 ∪ f H 2 (H i are handlebodies of genus g and f is a homeomorphism of their common boundary *partially supported by the National Science Foundation Typeset by A M S-T E X surface), and a homeomorphism g of ∂H 1 such that M 1 has a Heegard splitting using g • f as the identifiation? Since there are many natural subgroups of the mapping class group, such as the Torelli subgroup and the "Johnson subgroup," one can ask the same question where g is restricted to lie in one of these subgroups. This is related to work of Morita on Casson's invariant for homology 3-spheres [Mo] . Even under these restrictions it has been known for some time that any homology 3-sphere is related to S 3 . This fact has H 1 (∂N ). The number p/q is called the framing of γ. We assume (p, q) = 1 and do not allow q = 0. We call the surgery integral if q = ±1 and note that this is independent of the choice of parallel. The surgery is longitudinal surgery if pµ + qρ coincides with the longitude up to sign. If γ is null-homologous this is equivalent to p = 0. The resulting Dehn surgery M γ does not depend on the orientation of γ. Then we can ask whether or not two 3-manifolds are related by Dehn surgeries on curves γ which are not arbitrary, but are restricted to lie in some subgroup N of π 1 (M ). In addition we shall restrict the "framing" p/q of the surgery in order that the integral (respectively rational) homology groups are preserved. Specifically, suppose N is the normal closure of a finite number of elements of G = π 1 (M ) and also suppose that the elements of N are trivial in H 1 (G; Z)
(or H 1 (G; Q) in the Q-case). We shall be concerned primarily with these examples: i) N = G k , the k-th term of the lower central series of G, where
and G 1 = G;
ii) N = {e}, the trivial group;
iii) N = G ′′ , the second derived group of G, that is G ′′ = [G 2 , G 2 ]; iv) N = G Q 2 = {x ∈ G | ∃n, x n ∈ G 2 } which is the set of elements which are torsion in H 1 (M ; Z) (this would be in the rational case). In all these cases N is a characteristic verbal subgroup and we can view N as a functor from groups to normal subgroups. That is, given a space X we can speak of N (π 1 (X)) in each of these cases. Definition 1.1: M 1 is N -surgery related to M 0 if there is a finite sequence M 0 = X 0 , X 1 , . . . , X m = M 1 where X i+1 is obtained from X i by p i /q i Dehn surgery along γ i with γ i ∈ N (π 1 (X i )) and p i = ±1 (in the Z case where γ i is null-homologous and p i is welldefined) and merely non-longitudinal surgery (in the Q-case).
In particular, if N is the "k th lower central series subgroup" as in i), then we will say that M 1 is k-surgery equivalent to M 0 . In the next section we will see that, in fact, the k-surgery relation is an equivalence relation, and indeed preserves π 1 (M )/N 0 .
The case k = 2, perhaps most fundamental, we call "integral homology surgery equivalence" or sometimes merely "surgery equivalence". The question of characterizing this equivalence relation was posed by G. Kuperberg via a newsgroup posting and was partially answered by the Ph.D. thesis of the second author Gerges. A more precise answer is given in this paper. We find (see Theorem 3.1) that this equivalence relation is completely Other sample results concerning integral homology surgery equivalence are: Once again the result for homology spheres, where C is vacuous, was known. The earliest reference we can find is S.V. Matveev [Ma; Theorem A] . This result was reproved and used by S. Garoufalidis [Ga] .
Finally let K be the subgroup of the mapping class group generated by Dehn twists along simple closed curves which bound a subsurface. Then, building on the observations of [GL] we have the following generalization of a theorem of Morita for homology spheres A. M 0 and M 1 are 2-surgery equivalent.
B. There exist Heegard splittings
C. M 0 and M 1 have isomorphic linking forms and triple cup product forms (as in 3.1).
The rational case for k = 2 is controlled by H 1 (M ; Z)/Torsion and the integral triple cup product form (Theorem 5.1). Here are a few sample results concerning rational homology surgery equivalence. The situation for higher k is controlled by the above and also higher order Massey products (see §6).
Cases ii and iii above do not lead to equivalence relations and will be considered in a future paper. 
same holds using the rational lower central series).
Proof of 2.1. Let N = N (γ) be the solid torus regular neighborhood of γ and T its boundary. First we treat the integral case. Let G = π 1 (M 0 ), P = π 1 (M 1 ), and suppose γ ∈ G k . Then the longitude ℓ(γ) also lies in G k and we know that there exists an immersed
Here we mean (as usual) that S 1 is a connected surface with f ∂S 1 = γ and that S i is a collection of connected surfaces S ij such that f ∂S ij is f (a ij ) where a ij is a simple closed curve on S i−1 . Moreover each stage S i−1 has a 1/2-rank system of such curves a ij which occur as boundaries of S i . We assume that the immersion of S 1 , when restricted to a collar of S 1 , is an embedding whose image lies in M 0 −Ṅ (γ). It follows that S 1 intersects γ transversely an algebraically zero number of times since
By general position we also assume that all a ij lie in M 0 − N and that each S i meets γ transversely. Since γ ′ = µ(γ) is freely homotopic to ±qℓ(γ) in M 1 , it follows that γ ′ lies in P 2 as well. Suppose now, by induction, that ℓ(γ) ∈ P n−1 for some 3 ≤ n ≤ k.
We shall show that ℓ(γ) ∈ P n which will complete the proof in the integral case. Note that the induction hypotheses implies that µ(γ) ∈ P n−1 . It follows that ∂S 2j , for any stage 2 surface, lies in P n−1 , because ∂S 2j bounds a (k − 2)-stage half grope in M 0 which lies completely in M 0 − int N ⊆ M 1 except for a collection of small 2-disks corresponding to the transverse intersections with γ. Hence ∂S 2j lies in P k−1 modulo a product of conjugates of µ(γ), which itself lies in P n−1 . Now delete the algebraically-zero number of 2-disks of intersection of S 1 with N and tube along T to get S * 1 in M 1 − int N . Then we see that ℓ(γ) is congruent, modulo P n , to a product of conjugates of elements of the form [
Now we address the "rational case." We suppose that γ ∈ G Q k and hence ℓ(γ) ∈ G Q k . Then there exists a "rational" (k − 1)-stage half-grope whose "boundary" is ℓ(γ). By this we mean that ∂S 1 = n 1 ℓ(γ) for some positive integer n 1 and similarly ∂S ij = n ij a ij .
Again we conclude that S 1 · γ is algebraically zero since the equation n 1 ℓ(γ) = mµ(γ) in
has only the solution m = 0 since ℓ(γ) is torsion while µ(γ) is not. We 8 claim that γ ′ = µ(γ) is "rationally related" to ℓ(γ) in P , that is that there exist integers x, y such that µ(γ) x = ℓ(γ) y where x = 0. To see this, consider the (abelian) subgroup T of P generated by µ and the parallel ρ. Suppose ℓ(γ) = aµ + bρ where (a, b) = 1.
Then T is a quotient of the abelian group A = µ, ρ | pµ + qρ = 0 and contains ℓ(γ). The vectors (p, q) and (a, b) are linearly independent in Z × Z since they are primitive and (p, q) = ±(a, b) since our surgery is not longitudinal. Hence A/ ℓ(γ) is a finite group and thus there are integers x, y x = 0 such that xµ = yℓ(γ) in A and hence in T . Using this relation, the proof now proceeds as in the integral case. 
Proof of 2.3. The sequence of homeomorphisms shown in Figure 2 .4 using the "RolfsenKirby" calculus is well-known (see [CG; p. 501] [R; p. ] ). This shows that 1/n surgery on γ is the same as a sequence of ±1 surgeries on parallel copies of γ, denoted γ 1 , γ 2 , . . . , γ n .
Let M * i be the result of surgery on {γ 1 , γ 2 , . . . , γ i }. We may view γ i+1 as the longitude of γ i and 2.1 guarantees that if γ i lies in the k-th term of the lower central series of
surgeries as claimed.
Figure 2.4
Now consider the case that M 1 is rationally k-surgery equivalent to M 0 via a single
J for some framed link J in S 3 , which may be assumed to be disjoint from γ, we may consider γ ⊂ S 3 with framing p/q with respect to the longitude of γ in S 3 . Suppose the surgery is not integral, i.e., q = 1 (we assume q > 0).
Then p/q = ± m + is also non-longitudinal. Firstly, at most one of ±m or ±(m + 1) could be longitudinal with respect to M 0 so we may choose the non-longitudinal one. Moreover the surgery on γ is integral means that the defining torus homeomorphism extends over a solid torus.
But this is independent of coordinate system so the fact that ±m, ±(m + 1) are integers suffices to show these surgeries are integral relative to M * .
Figure 2.5
Now, as has been mentioned, and is an immediate consequence of the second part of 2.3 (which is proved below), rational k-surgery equivalence preserves H 1 /(torsion). Thus
. This implies that the framing on γ 2 relative to M * is non-longitudinal since it is precisely the longitudinal surgery which changes β 1 .
In general, if M 1 is N -surgery related to M 0 via a single ±1/n surgery then Figure 2 .4
shows that there is a link L of n components in M 0 , each component of which lies in
But then both inclusion maps induce epimorphisms on π 1 and the kernel of
and the second claimed result follows easily in the Z case. In the Q-case, if M 1 is N -related to M 0 via a single non-longitudinal surgery then 2.5 shows that there is a cobordism W as above and a link L each of whose components lies in N π 1 (M 0 ) (in fact most are null-homotopic!). Then the argument above for the Z-case holds. Note that if M 1 is rationally 2-surgery equivalent to M 0 then π 1 (M 1 ) maps onto the free abelian
. But by symmetry (2.1)
Example 2.6:
It is important to note that "N -surgery related" is not a symmetric relation if N = {e} or N = G ′′ . In a later paper we will consider strengthening the Nsurgery relation to force symmetry. 
Since the trefoil knot has non-trivial Alexander module, this is not possible. One also sees that, in the case N = {e}, forcing symmetry would force π 1 itself to be preserved (since 3-manifold groups are Hopfian) and perhaps this is too strong to be of interest.
We have defined our "equivalence" relations to be generated by single Dehn surgeries.
It is also possible to define relations generated by surgeries on certain types of links. These are sometimes equivalent notions as the following show. The proof of the first is elementary and left to the reader.
Proposition 2.8. The following are equivalent.
1. M 0 and M 1 are 2-surgery equivalent. Here, by "linking matrix" of the framed link L = {γ 1 , . . . , γ m } we mean the matrix over Q given by v ij = ℓk(ρ i , γ j ) where ρ i here is the circle on ∂N (γ i ) which bounds the meridional disk in the surgery solid torus (p i µ i + q i ρ i in the notation of §1). The proof of 2.9 is given after the proof of Theorem 4.2. §3. Integral Homology Surgery Equivalence of Closed 3-manifolds. In this chapter we give a comprehensive treatment of 2-surgery equivalence of closed 3-manifolds. This is precisely the equivalence relation generated by Dehn surgeries which preserve integral homology and thus was called HTS-equivalence (homologically trivial surgery) by Ku- perberg [Ku] and Gerges [Ge] . This equivalence relation is perhaps the most basic and important. It forms the basis of the philosophy of Cochran and P. Melvin in their theory of finite type invariants for arbitrary 3-manifolds [CM] . The question of characterizing 2-equivalence was asked by Kuperberg and answered by Gerges in his Ph.D. thesis. Here we prove a sharper theorem. Our characterization theorem says that M 0 and M 1 are HTS equivalent precisely when they have the same H 1 and some isomorphism induces an isomorphism of Q/Z linking forms and that part of the cohomology ring coming from triple cup products. In the next chapter we will prove the characterization theorem, which appears in Gerges [Ge] without the relation to the linking form. In this chapter we will discuss examples, invariants and representatives for the 2-equivalence classes.
There is a link
Before stating the theorem, we set up some notation. We let K(H 1 (M 0 ), 1) be the usual Eilenberg-Maclane space with fundamental group H 1 (M 0 ). We can build this space from M 0 by adding cells of dimension greater than 1 and we let f 0 :
denote the Bockstein operator associated with the short exact sequence 0 −→
The following theorem in the case of homology 3-spheres was certainly known to and used by Andrew Casson in public lectures at M.S.R.I. in 1985. We are informed that it was known even earlier. In this case it says merely that any two oriented homology 3-spheres are 2-surgery equivalent. This case also appeared in a 1987 paper of S.V. Matveev. In the latter, moreover, it is proved that two 3-manifolds have isomorphic H 1 and linking forms if and only if they are related by "Borromean surgeries," a result clearly close in spirit to our final one [Ma, Theorem 2 and Remark 2].
The equivalence of B and (a slightly stronger version of) D is claimed in passing in [Tu1] , but no proof is offered.
Theorem 3.1. (see [Ge] ) Suppose M 0 and M 1 are closed, oriented, connected 3-manifolds.
The following 4 conditions are equivalent.
A) M 0 and M 1 are 2-surgery equivalent, i.e., each can be obtained from the other by a sequence of ±1 surgeries (equivalently ±1/q surgeries) or null-homologous circles.
B)
There exists an isomorphism φ 1 : 
C)
and
where α, γ, B are as above, but n = 0, and τ :
for all x, y ∈ T (H 1 (M 1 )), that is to say that φ 1 induces an isomorphism between λ 0 and λ 1 .
Let A be a finitely generated abelian group and A * n = Hom(A; Z n ) ≡ H 1 (A; Z n ) for n = 0 or n = p r (the exponent of the p-torsion subgroup of A). Consider a set of skew- 
. Given any oriented 3-manifold with H 1 ∼ = A, the triple cup product forms and linking form yield a pair ({u n }, λ) which is well-defined up to isomorphism. Let S(A) be the set of isomorphism classes of such pairs which are realizable by a 3-manifold. In fact by [Tu2; Theorem 1] and [KK] , any pair is realizable if A has no 2-torsion. In general there is a mild compatibility condition between u 2 r and λ. Hence Theorem 3.1 may be restated as follows. 
, 1 is of degree ±1 since the identity map is degree 1 and Aut H 3 (Z 3 ) = {±1}. Hence condition B fails (equivalently condition C part a with n = 0). More generally, let M n be the 3-manifold shown in figure 3 .4 as zero surgery on a link with µ(123) = n. Then M n is surgery equivalent to M m if and only if |n| = |m| since the triple cup product of the Hom-duals of the meridians is n times the
and this correspondence is P → det P . Since det P = ±1, the classes n, m in H Proof of 3.5. Fix an identification
For any M with Hence ψ * is well-defined. B ⇒ A implies that ψ * is injective. The surjectivity of ψ * follows from work of D. Sullivan [Su] . Alternatively, for any set of m 3 integers
such that µ(ijk) = a ijk by the procedure described in the last sentence of the Corollary.
If M is zero surgery on this link then ψ * (M ) = a ijk (e i ∧ e j ∧ e k ) with respect to a basis induced by the meridians (see Lemma 4.2 of [Tu2] ).
The structure of the set Λ 3 (Z m )/ GL m seems to be quite complicated for large m and so the general decidability question for whether or not two 3-manifolds are surgery equivalent may not be easy. However since the 0 element is the only element in its orbit we have:
only if its integral triple cup product form
We also observe the following surprising result. Figure 3 .4).
Under this bijection, n(e 1 ∧ e 2 ∧ e 3 ) goes to ne 4 and the former is ψ * (M n #S 1 × S 2 ).
Proof of 3.8. 
where f is an isomorphism. This question has been answered by Turaev in great generality. The answer is that µ is realizable if and only if
Both groups are Z n in the case at hand. If we denote by µ = 1 ∈ H 3 (Z n ) = Z n the image of the class of L(n, 1) under some map then certainly x → x ∩ 1 is an isomorphism. A general class µ = k · 1 will induce the map x → k(x ∩ 1) which is the composition of the isomorphism x → x ∩ 1 with multiplication by k on Z n . Hence k ∈ H 3 (Z n ) is realizable if and only if k is a unit in Z n .
Moreover by 3.1 B, two 3-manifolds M 0 , M 1 with
and only if there is an automorphism of Z n which induces an automorphism of [Ru] and Theorem 29.5 of [Co] ). Therefore we have derived the following.
Corollary 3.9. The set S(Z n ) of surgery equivalence classes of closed oriented 3-manifolds Proof of 3.11. This is immediate from 3.1 B.
and only if M 0 is orientation-preserving homotopy equivalent to M 1 .
Proof of 3.12. One implication follows from 3.11. Suppose M 1 is surgery equivalent
by adding two-handles attached along curves being in
, and there is a retraction r : W → M 0 . The inclusion M 1 → W followed by r is a degree 1 map M 1 → M 0 inducing an isomorphism on π 1 and all homology groups. We may assume the manifolds contain no fake 3-cells since these are irrelevant to the question of being homotopy equivalent. Since π 1 is abelian it is not a non-trivial free product so we may assume that
In the first case π 1 must be finite cyclic and then it is easy to see that f induces an isomorphism on π 3 by considering the universal cover of W . Hence f is a degree 1 homotopy equivalence. 
is an isomorphism, the surgery equivalence class depends only on the linking form. From another point of view, since H 1 (Z × Z n ; Z m ) is generated by 2-elements, the triple cup product forms vanish if m is odd and are determined by the linking form if m is 2 r . Therefore each surgery equivalence class contains a representative of the form S 1 ×S 2 #L(n, q) and the self-linking number of an element of order n in H 1 (M ), λ(1, 1) = a n viewed as an element a ∈ Z n will distinguish the classes when viewed in the group of units modulo squares (as in the case The triple cup product form on integral H 1 is zero while the triple cup product forms on
4 are isomorphic by "swapping the meridians of the 5 and 5/2 knots."
But these isomorphisms are incompatible. We do not provide details.
We can relate surgery equivalence to two other geometric equivalence relations which have appeared in the literature. The first is concerned with Dehn surgery on links; the The following is mildly surprising. Once again the result for homology spheres, where C is vacuous, was known. The earliest reference we can find is S.V. Matveev [Ma; Theorem A] . This result was reproved and used by S. Garoufalidis [Ga] .
Proof of 3.17. 
V has a 1-dimensional spine whose transverse intersections with W may be removed by isotopy merely by pushing over ∂ W. This isotopy extends to V . The resulting
Note that, in the presence of other components K 2 , K 3 , . . . such that ℓk(K, K i ) = 0, the isotopy can be chosen so as to preserve that latter fact.
The reader might find it interesting to compare this with Theorem B of [Ma] which maintains that M 0 and M 1 have isomorphic homology groups and linking forms if and only if M 1 can be obtained from M 0 by surgery on a "T 0 -boundary link" (recently re-introduced by Garoufalidis and Levine who used the term "blink" [GL] ). This was an improvement on a theorem of Hilden who showed that any homology 3-sphere can be obtained from S 3 by surgery on a blink [H] . A. M 0 and M 1 are 2-surgery equivalent.
B. There exist Heegard splittings
Proof of 3.18. The arguments in the first 3 paragraphs of section 2.3 of [GL] , although given for homology spheres, suffice to show that 3.18B is equivalent to 3.17B.
Remark 3.19:
We have shown that K corresponds to boundary links which, in turn, corresponds to homology surgery equivalence. Strangely, the seemingly more natural Torelli group corresponds to "blinks" (see [Ma] and [GL] ) which corresponds to preserving only H 1 and the linking form. Combining the work of [Ma] , [GL] and our present work yields an analagous theorem to this effect, with "homology surgery equivalence" changed so that the relation is generated by surgery on a 2-component blink rather than a knot. §4. Proofs of Theorem 3.1 and other Basic Theorems. In this section we prove Theorem 3.1. Several major components of the proof are derived in much greater generality so that they can be employed in later sections.
A ⇒ B: We will prove a more general result which will be useful later.
Proposition 4.1. Suppose M 1 is obtained from M 0 by ±1 surgeries on a link {γ 1 , . . . , γ n } where γ i ∈ N π 1 (M 0 ) and the meridians γ and
Proof of 4.1. We may choose circlesx,ỹ in M 0 to represent these classes so that they are disjoint from γ and are in fact disjoint from a Seifert surface S for ℓ(γ). This is true because ifx hits S, we are free to isotopex "through γ" to achieve that the algebraic number of such intersections is 0. Then modify S to missx. Choose an integer n and a 2-chain d of M 0 such that ∂d = nx and such that d meetsỹ and γ transversely. Then λ 0 (x, y) equals is isotopic to ±ℓ(γ) after surgery, and a copy of ±S. This 2-chain d ′ lies in M 1 , has the same boundary as d and
B ⇒ A: We will prove a significantly broader result than is necessary in order to use it in later sections. 
is induced by φ as usual, and f 0 induced by the inclusion into
K π 1 (M 0 )/N, 1) . Then (M 0 , f 0 ) = (M 1 , f 1 ) in Ω 3 K(π 1 (M 0 )/N,
Proof of 4.2.
Let X = K π 1 (M 0 )/N, 1 which we may think of as constructed by adjoining cells to M 0 . Then we have natural maps f 0 : M 0 → X and f 1 : M 1 → X such that (f 1 ) * = φ. It is well known that the map from Ω 3 (X) → H 3 (X) is an isomorphism given by the image of the fundamental class. Thus the hypotheses guarantee that there is a compact oriented 4-manifold W and a map F :
Since F * is necessarily surjective on π 1 , we may perform surgery on circles in W and assume F * is an isomorphism.
Choose a handlebody structure of W rel M 0 with no handles of index 0 or 4. We may then proceed to "trade" 1-handles for 2-handles as in [Ki2, p. 247] . This may also be thought of as performing a surgery on the interior of W along a circle c passing over the 1-handle. Since (f 0 ) * is an epimorphism on π 1 , these circles may be altered by loops in M 0 so that F * (c) = 0 (then in fact these loops are null-homotopic) and hence the map F extends to the "new" W . Since φ * = (f 1 ) * is surjective we may trade all 3-handles for 26 2-handles, by viewing then as 1-handles attached to M 1 . Now let V be the "linking matrix" of the attaching maps of the 2-handles rel M 0 . By this we mean the following. If {γ 1 , . . . , γ m } denote the attaching circles and {ρ 1 , . . . , ρ m } are the surgery circles on ∂N (γ i ) which are null-homotopic in M 1 , then let v ij = ℓk(ρ i , γ j ).
Since ρ i , γ j are disjoint oriented circles in M 0 which are null-homologous (torsion in the Q-case) v ij is a well-defined integer (rational number in the Q-case). We shall show that V is invertible over Z (respectively over Q).
We treat the Q case first. Consider the long exact sequence in rational homology for
Since the first term is Q m generated by the meridional disks we get
It is well-known that i is injective
In the integral case we have the exact sequence in integral homology:
where i is injective because it is injective with rational coefficients. Here i(e i ) = µ i and there is an isomorphism φ : ker π 0 → Z m given by φ(x) = m j=1 ℓk(x, γ j )e j such that (M 1 ; Z) via the map i. If this cokernel is non-zero then there is a class x ∈ ker π 0 which is non-zero under π 1 :
. This implies that π 1 (x) is a non-trivial element in the kernel of the inclusion map H 1 (M 1 ) −→ H 1 (W ) which is a contradiction. Hence V is invertible over Z. Now that we have established that the linking matrix is invertible, in the integral case, we appeal to the classification of symmetric bilinear forms. We can change W by adding a single ±1 framed 2-handle attached along a trivial circle in order to assume V is an indefinite, odd form. Such a form has a Z-basis for which V is diagonal with ±1's on the diagonal. This basis change can be realized geometrically by handle slides (see [Ki2;  Chapter 2]). Thus M 1 is obtained from M 0 by ±1 surgeries on a link {γ 1 , . . . , γ n } such that each [γ i ] ∈ N π 1 (M 0 ) and ℓk(γ i , γ j ) = 0. Conversely M 0 is obtainable from ±1 surgery on the dual link {γ ′ 1 , . . . , γ ′ n } where, in general, all we know is that [γ
For the rational case we need the following Lemma, which may be well known. The proof was suggested to me by Richard Stong. is a basis e 1 , . . . , e n for Z n such that q restricted to e 1 , . . . , e i is non-singular for each
Proof. First we claim that for any such form there is a basis such that q(e 1 , e 1 ) = 0. For an arbitrary basis {e 1 , . . . , e n }, if some j has q(e j , e j ) = 0 then we are done by re-ordering.
If all q(e j , e j ) = 0 then, by non-singularity, there is some j such that q(e 1 , e j ) = 0. Then the basis {e 1 + e j , e 2 , . . . , e n } works.
Now we proceed by induction. Suppose we have a basis {e 1 , . . . , e n } such that q| e 1 , . . . , e j is non-singular for each j < i. We shall re-choose {e i , . . . , e n } such that q| e 1 , . . . , e i is also non-singular. To do so write q in our basis as q = A B B ′ C where A is (k − 1) by (k − 1) and B ′ is the transpose of B. We can make a rational change of basis to replace
Since q ∧ is non-singular (since q is), D is a non-singular matrix. As in the first step of our proof, there is an integral invertible matrix P such that the (1, 1) entry of P ′ DP is non-zero. Use this matrix P to change our basis {e 1 , . . . , e i−1 , e i , . . . , e n } to {e 1 , . . . , e i−1 , e ′ i , . . . , e ′ n }. In this new basis the matrix for q is obtained by conjugating the q matrix by I O O P , which yields
We claim that q restricted to the subspace spanned by {e 1 , . . . , e i } is non-singular. To verify this it suffices to apply the "same" rational change of basis we used above but only to the first i × i submatrix. This yields
where 11 means the (1, 1) entry. Since this matrix is non-singular, the original q restricted to the span of {e 1 , . . . , e i } is non-singular. 
This concludes the proof of Theorem 4.2.
We can now prove 2.9.
Proof of 2.9.
Suppose M 0 and M 1 are rationally 2-surgery equivalent. By 2.3 we may assume that there is a sequence
is obtained from X i by a single integral non-longitudinal surgery on a rationally nullhomologous circle γ i+1 . We may assume {γ i } are disjoint in M 0 . Consider the induced cobordism W from M 0 to X i discussed in the proof of 2.3. The proof of 2.3 shows that W is a product on H 1 modulo torsion. Since [γ i+1 ] is trivial in H 1 (X i ; Q), it is also trivial in H 1 (M 0 ; Q). Moreover the argument above in the proof of 4.2 shows that the linking matrix of {γ 1 , . . . , γ m } in M 0 is non-singular over Q.
We want to show that there exist maps f i : M i → X which induces isomorphisms on the first integer homology group and such that (
We may assume as before that f 0 is the inclusion map. Here X = K H 1 (M 0 ), 1 . Of course, since X is aspherical, there exists a map f 1 induced by φ 1 .
First we note that it would suffice to show that f *
is not zero in H 3 (X; Z) then there is an element of Hom(H 3 (X); Z n ) which detects it, since H 3 (X) is a finitely generated abelian group which has a element of order n only if H 1 (M 0 ) has an element of order n. More
. .×Z n k where each n i is a prime power. Then the torsion-free summand of
lies in this summand then it can be detected by an element h of the subgroup H 3 (Z m ; Z).
On the other hand if α is of finite order, then it can be detected by some h ∈ H 3 (X; Z n )
where n = p r where p r is the maximal order of all elements in H 1 (M 0 ) which have order a power of p. This is true since Z p i injects into Z p r if r ≥ i. Therefore these are the only types of elements h we need consider.
Next we need to understand the cohomology rings H * (X; Z n ).
Proposition 4.4. Suppose X is a finitely generated abelian group and n is the exponent of the p-torsion subgroup of X (elements of order p i ). Then the ring H 3 (X; Z n ) is generated by elements of the form α ∪ β ∪ γ and α ∪ τ * B(γ) where α, β, γ ∈ H 1 (X; Z n ), B is the
Before proving 4.4, we finish the proof that C ⇒ B. First consider the case that h = α ∪ β ∪ γ. Note that this includes the case n = 0 since H 3 (Z m ; Z) is generated by such elements. Then we have (using C b)),
0 (γ) since f 0 is a continuous map. Hence, using condition c of C we have that:
Thus 4.4 will complete C ⇒ B.
Proof of 4.4. First we need the following:
Lemma 4.5. Suppose X and Y are spaces whose homology is finitely generated in each dimension. Suppose n is a prime power. Then the cohomology cross product induces an isomorphism:
Proof of 4.5. Θ n is a monomorphism by [Mu; Theorem 61.6] . Since the homology groups of X and Y are finitely generated the domain and range of Θ n are finite groups.
Thus it will suffice to show that they are abstractly isomorphic. First we list some abbrevia-
If A, B are finitely generated abelian groups, then the following are easily verified: Hom(A;
versal Coefficient Theorem for cohomology and then the Kunneth Theorem for homology and applying the above, we get
On the other hand the domain of Θ n may be expanded as
. Expanding and comparing terms shows that these expressions are isomorphic, using the fact that Ext(
) which is easily seen by expressing x 1 , y 1 as direct sums of their "torsion and torsion-free parts."
Now we show that 4.5 implies 4.4. Since X is a finitely-generated abelian group, it is a product × k i=1 X i cyclic groups of infinite or prime-power order. Now apply 4.5 inductively.
where π i are the projections to the factors. Then 4.5 implies that H 3 (X; Z n ) is generated by elements of the form π
where s ≤ r since n is the exponent.
Consider the coefficient sequence 0
zero for any φ. Hence the Bockstein B :
is an isomorphism and consequently ∆ = B(γ) for some γ ∈ H 1 (X s ; Z n ) and π
But in this case τ * :
is an isomorphism and so one sees that
The only cases where and higher to L and thus induces isomorphisms on first and second cohomology and a monomorphism on H 3 . By Poincaré Duality for L, i 
and we let D(γ) be its inverse under the above isomorphism. Thus D :
Next we claim that the Poincaré dual of B(γ) is D 1 (γ) where B : then the Poincaré dual is represented by
′ where a ′ is a chain representing a and # is the number of signed intersection points modulo n. But this is also a calculation of i γ, a , finishing the verification of our second claim.
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Now we can finish the proof that
and similarly
by hypothesis D. By our first claim this equals λ 1 D 1 (α), D 1 (γ) as above. Since i is injective, condition b) of C is established. §5. Rational Homology Surgery Equivalence. In this chapter we address the question of when two 3-manifolds are related by a sequence of Dehn surgeries on rationally null-homologous curves which preserve H 1 ( ; Q). In the language of §2, this is case iv)
where
. By 2.2 this is an equivalence relation and by 2.3 it is sufficient to consider non-zero integral framings. We find that this is completely controlled by the isomorphism class of the integral cup product form. Beware that, because we restrict to rationally null-homologous curves, a surgery which preserves β 1 will necessarily preserve H 1 /T 1 and consequently H 1 ( ; Z). Therefore it is not possible to have, for example,
with the natural map between them being "times 2." This would be possible to achieve by allowing certain surgeries on curves in M 0 which are essential in H 1 (M 0 ; Z) but not primitive. Hence rational 2-equivalence is NOT the relation generated by Dehn surgeries which preserve H 1 ( ; Q) but rather those which preserve 
QB)
QC)
There exists an isomorphism φ 1 as in the first line of 36 §6. Surgery Equivalence Preserving Lower Central Series Quotients. We have seen that the relation generated by ±1/n Dehn surgery on circles which lie in (π 1 (M )) k is an equivalence relation which we called k-surgery equivalence. The equivalence relation generated by non-longitudinal surgeries on circles lying in the k th term of the rational lower central series, we call rational k-surgery equivalence. Just as 2-equivalence was controlled by G/G 2 and the cup products (and linking form), we shall see that k-equivalence is controlled by G/G k and higher Massey products (and the linking form). We only attempt a complete algebraic characterization of k-surgery equivalence to "the zero element," i.e.
Here we see that k-equivalence is controlled by Massey products of length less than 2k − 1, or equivalently by the isomorphism class of G/G 2k−1 . A similar characterization for the general case is made difficult by the ill-definedness of Massey products and our ignorance of H 3 of torsion-free nilpotent groups. It may well be, however, that there is sufficient information in the literature to complete the general characterization. 
B)
There exists an isomorphism φ :
inducing the obvious quotient on π 1 .
Corollary 6.2. The set of k-surgery equivalence classes of closed, oriented 3-manifolds Corollary 6.4. The set of rational k-surgery equivalence classes of closed, oriented 3-
corresponding to realizable classes (see [Tu1] ).
Proof of 6.4.
The argument for QA ⇒ QB in the proof of 5.1 works here (using that finitely generated nilpotent groups are Hopfian). For QB ⇒ QA apply 4.2 with
Corollary 6.5. Any two 3-manifolds with β 1 = 0 (or any two with β 1 = 1) are rationally k-surgery equivalent for each k.
Proof of 6.5. Suppose β 1 (M 0 ) = 1. Then the epimorphism π 1 (M 0 ) ։ Z induces isomorphisms modulo any term of the rational lower central series [St] , so to M 1 , and γ is clearly null-homologous in M 0 so M 0 and M 1 are 2-surgery equivalent (as they must be since H 3 (Z × Z) = 0). However γ / ∈ π 1 (M 0 ) 3 and so it is not clear whether or not M 0 and M 1 are 3-surgery equivalent. In this case M 1 is known to be the "Heisenberg manifold" (Euler class ±1 circle bundle over the torus) whose fundamental group is F/F 3 where F is the free group on {x, y}. 
Thus the manifolds are not 3-surgery equivalent (nor rationally 3-surgery equivalent).
We shall now show that k-surgery equivalence is related to higher order Massey products and that this is the correct generalization of the triple cup product form. However, Massey products may not be uniquely defined and this makes statements of results difficult. For this reason we shall restrict our focus to situations where the Massey products are uniquely defined. In general if M 0 and M 1 are k-surgery equivalent then their lower central series quotients G/G j are isomorphic for 1 ≤ j ≤ k and this is known to entail a "correspondence" between order k − 1 Massey products with any abelian coefficients [Dw;
Corollary 2.7]. We shall state this only for a restricted case.
Proposition 6.8. Suppose M 0 and M 1 are k-surgery equivalent, and that all j th order Massey products vanish for M 0 for 2 ≤ j ≤ (k − 2). Then there is an isomor- We consider the last claim of 6.8. Suppose 
It would then suffice to prove 
Thus π * and π * are zero.
Note that we have actually proved that any isomorphism g * : G/G k−1 −→ F/F k−1 can be extended to g * : G/G k −→ F/F k .
Example 6.9 indicates that 6.8 is too weak. Indeed, 6.1B should be seen as two conditions, and 6.8 says that the first of these conditions controls Massey products of lengths up to k − 1. We shall see that the second conditions controls lengths up to 2k − 2. This is analagous to the Cochran-Orr conjecture that a link in S 3 is "null k-cobordant" if and only if its Milnor µ-invariants of length j, 1 ≤ j ≤ 2k are zero. This has been positively resolved by X.S. Lin and Orr-Igusa [L] [IO] . Based on techniques of the latter, we shall now discuss an algebraic characterization of k-surgery equivalence to #S 1 × S 2 .
Theorem 6.10. For any integer k ≥ 2, M is k-surgery equivalent to # [IO] . Hence, by 6.1, M is k-surgery
Now suppose M is k-surgery equivalent to #
First we show that this implies that G/G k+1 ∼ = F/F k+1 . This follows from this more general result. Suppose π 1 (M ) ∼ = G and G/G k ∼ = F/F k for some free group F . Suppose also that f is a specific such isomorphism. Then we can define θ k (M, f ) ∈ H 3 (F/F k ) to be the image of the fundamental class under the map M −→ K(F/F k , 1) induced by f .
Lemma 6.12. θ k (M, f ) ∈ Image H 3 (F/F k+1 ) To finish the proof of 6.10 we need the following theorem from [IO] .
Theorem 6.13 (Igusa-Orr [IO] Proof of 6.14. An element of the kernel of the above map has weight greater than 2k − 1 and at most 2k + 2j − 1 i.e. at most 4k − 3, which is precisely the range of weights possible for an element of H 3 (F/F 2k−1 ).
Finally, if θ k (M, f ) = 0 for some f then assume by induction (use 6.12 for the start of induction) that f extends tof : G/G k+j −→ F/F k so that θ k+j (M,f) is defined and is a lift of θ k (M, f ). But then as long as j ≤ k − 1, 6.14 guarantees that θ k+j (M,f) ∈ Image H 3 (F/F k+j+1 ) −→ H 3 (F/F k+j ) and 6.12 then implies θ k+j+1 is defined. Hence It follows from 6.10 that the two manifolds in Example 6.9 are not 3-surgery equivalent.
Example 6.15: The example M 1 in Figure 6 .7a (the Heisenberg manifold) is 2-surgery equivalent to S 1 × S 2 #S 1 × S 2 since the first non-zero Milnor invariant of the Whitehead link, µ(1122), is of length 4, but for the same reason the Whitehead link is NOT null 2-cobordant. In general, if a link is null k-cobordant then its 0-surgery is k-surgery equivalent to #S 1 × S 2 but the converse is false, requiring in addition that the µ-invariants of length 2k vanish.
